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Optimization-based model of multinutrient uptake kinetics
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Abstract

We present a new, optimization-based model for uptake kinetics of multiple nutrients, which has the same
number of parameters (two for each nutrient) as the Michaelis—-Menten model. We fit this model and an existing
inhibition-based model to data from chemostat experiments at various flow rates (under extreme limitation by
both nitrogen [N] and phosphorus [P]) and compared these models and the Michaelis-Menten model to an
independent data set for the same species in a chemostat at various N : P input ratios (at constant flow rate). Our
model fit the data well, with a slightly higher square error than the much more complex inhibition model. We also
successfully applied our model to a data set for a different species under various degrees of vitamin B12- and P-
limitation. Our model agrees with measured cell quotas of nonlimiting nutrients when supply ratios differ greatly
from the optimal ratio for phytoplankton, whereas the Michaelis—Menten model greatly overestimates the uptake
of nonlimiting nutrients at these extreme nutrient supply ratios. The key to our model’s success is the optimization
of uptake for the limiting nutrient, which results in distinct behavior for limiting versus nonlimiting nutrients,
without additional parameters; phytoplankton allocate their internal resources (nitrogen) to optimize uptake of

the limiting nutrient, but not in response to changes in ambient nutrient ratios.

For ambient nutrient ratios that are very different from
the optimal ratio of phytoplankton, straightforward
application of separate Michaelis-Menten equations for
multiple nutrients greatly overestimates the uptake rates of
nonlimiting nutrients compared with data from chemostat
experiments (Droop 1974; Rhee 1974). Uptake of the same
nutrient is faster when it is limiting than when it is
nonlimiting (Rhee 1974; Gotham and Rhee 1981a,b).
Droop (1974) developed a parameterization for uptake of
nonlimiting nutrients to match his observations, and
Gotham and Rhee (1981a,b) developed an inhibition-based
model in which the maximum uptake rate of a nutrient is
a decreasing function of its cell quota (internal concentra-
tion). Both of these approaches yield more accurate uptake
rates for nonlimiting nutrients, but both add parameters,
which must be determined separately for various nutrients
and even for the same nutrient with different ratios of
ambient nutrient concentrations.

We present a new optimization-based model for uptake
kinetics of multiple nutrients. Our uptake model is an
extension of the single-nutrient optimal-uptake equation of
Pahlow (2005), which is itself an extension of the affinity-
based uptake model of Aksnes and Egge (1991).

For this study we embedded both our uptake model and
the inhibition model of Gotham and Rhee (19814,b) into
a model of phytoplankton growth on multiple nutrients
(Legovic and Cruzado 1997; Klausmeier et al. 2004) and
applied the resulting models to simulate chemostat experi-
ments. We fit both models to data from chemostat
experiments at extreme nitrogen : phosphorus (N : P) input
ratios at various flow rates. We also compared both models
to an independent data set for the same species in
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a chemostat over a range of less extreme N:P ratios at
fixed flow rate. We compared our model and that of Droop
(1974) to a data set for a different species under various
degrees of limitation by P and vitamin B12, at various flow
rates (Droop 1974). Thus, we quantitatively compared the
models’ agreement with data under various conditions of
limitation by N, P, and vitamin B12.

Phytoplankton model

To describe changes in phytoplankton composition
requires a model of their biomass and internal nutrient
concentrations as well as their uptake rates. Legovic and
Cruzado (1997) presented such a model for two nutrients;
Klausmeier et al. (2004) further analyzed their model and
compared it to data from chemostat experiments. This
model (hereafter, the MM model) combines the quota
model for growth (Caperon 1968; Droop 1968), the
Michaelis—Menten model for uptake kinetics, and Liebig’s
Law of the minimum for a reactor (Fig. 1) with nutrient
supply rate a, with nutrient concentrations S;,; and S;,, in
the inflow, and assuming constant, density-independent
mortality rate m = a.

The quota model (Caperon 1968; Droop 1968) describes

growth rate, u, as:
QOIim)
= (12 1
Il uv( Oim (1)

where Oy, and Qo s are, respectively, the cell quota (ratio
of internal concentration to biomass) and minimum cell
quota for the limiting nutrient and where yu.. represents the
growth rate at infinite cell quota. According to Liebig’s
Law of the minimum, the limiting nutrient is the one for
which Qy;,/ Qo jim 1s the minimum of all values of (Q/Q.,).

According to the Michaelis—Menten model, uptake rate
v; of nutrient i with concentration S, is
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Fig. 1. Schematic of the reactor used for chemostat experi-

ments. When run to steady state, the growth rate, p, must equal
the dilution rate, a.

Vmax,iSi

Vi(Si)z K. +S, (2)

where V. ; 1s its maximum uptake rate and K; is its half-
saturation constant.

The model solves for the concentrations of two nutrients
(S7 and S,, moles per unit volume of water), their respective
cell quotas (Q; and Q,, moles per cell), and the biomass of
phytoplankton (B, cells per unit volume of water), via the
following differential equations.

ds;
dr

where S, ; is the input concentration (in the inflow) of S;
(i = 1,2). For cell quotas,

dQ; .

() -omin(1-BL1-L2) o, @)
where the expression “‘min”” denotes taking the minimum of
the two limitation terms in parentheses, according to
Liebig’s Law of the minimum. The second term in this
equation is uQ;, and it is therefore required that at steady
state, uQ; = v{(S;). For biomass,

a(Sin,i—Sj)—V,'(S,')B (3)

Inhibition model

Gotham and Rhee (1981a,b) developed a model (here-
after, the GR model) in which uptake of a nutrient, i
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(limiting or not), is inhibited by its own cell quota, Q;, so
that the maximum uptake rate, Vi, (for use in Eq. 2) is
a decreasing function of Q;, thus:

v _ Vinh[(inh - Cinh(Qi - QO,i)
max,i —
I(inh + Qi - QO,i

in which V,,,, K;.;, and C;,;, are, respectively, the maximum
possible uptake rate, a half-saturation constant for in-
hibition, and an inhibition factor in terms of cell quota.
Gotham and Rhee fitted this equation to experimental
data, yielding good fits for several species under both N-
and P- limitation.

(6)

Optimal uptake model: SPONGE

Aksnes and Egge (1991) presented an affinity-based
model of nutrient uptake, based on an analysis of the
timescales required for nutrient ions to encounter uptake
sites on the cell surface and to be “handled” (assimilated
into organic matter) by those sites. Uptake v of substrate S
is

1
(Vinax) - +(A4S) ™!

where the maximum uptake rate, V., and the affinity, 4,
depend on the number of uptake sites, their surface area,
the handling time, etc. Aksnes and Egge showed that under
certain assumptions, such that V., and A are constants,
their model reduces to the Michaelis—-Menten model. This
can be seen by rearranging the above equation to yield

Vmax S
e (8)
(%) s

v(S) =

(7)

v(S)=

A

which is equivalent to the Michaelis-Menten equation
(Eq. 2) with half-saturation constant, K, = V,../A.

Pahlow (2005) extended this model by separating the
uptake sites into those on the surface and internal enzymes.
The key idea of his optimization for nutrient uptake is that
phytoplankton allocate a portion of their internal nitrogen
between surface uptake sites, which determine the encoun-
ter timescale, versus internal enzymes, which “handle” (or
assimilate) the nutrients once encountered (necessary to
clear the uptake sites so that they can take up more
nutrients: Pahlow [2005] termed this turnover). Both the
uptake sites and enzymes, being mostly made of protein,
would require significant nitrogen. This internal pool of
nitrogen available for uptake hardware was assumed to be
some part of the subsistence cell quota, Qp -

Because Pahlow (2005) did not present a derivation of
his uptake equation, we present one here, which closely
resembles that of Aksnes and Egge (1991). As in the model
of Aksnes and Egge (1991), the number of moles of nutrient
ions encountered (per cell) in time 7' can be expressed as m
= Tinsv,,S, where ny is the number of surface uptake sites
per cell for the nutrient considered, « is the surface area of
each uptake site, v,,, is a mass transfer coefficient (volume
per surface area per unit time), and S is the ambient
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concentration of nutrient (moles per volume). The “han-
dling” time for assimilating these m moles of nutrient ions
into organic matter is 7> = m(n.r,) —!, where n, is the
number of internal enzymes per cell for processing this
nutrient and r, is the rate of processing (moles per enzyme
per time). The uptake rate (moles of nutrient per cell per
time) can then be expressed as v = m/(T + T,), which yields
m
(S)= 9)

m(nsav,,S) -1 +m(ner,) -1

For fixed values of ng and n,, Eq. 9 can be rearranged by
dividing both numerator and denominator by m and
introducing the substitutions 4 = ngav,,, and Viax = nere,
to yield Eq. 7, the equation of Aksnes and Egge (1991).
[Aksnes and Egge (1991) further assumed that n, = n, = n
(constant), so that their constant “handling time per ion,”
h, is equivalent to (r,)~! here. In the model of Pahlow
(2005), handling time per ion is (n.,)~!, which varies
inversely with 7,.]

The model assumes that the pool of nitrogen available
for uptake hardware is allocated exclusively between
surface uptake sites and internal enzymes (for assimilating
nutrients). Thus, if all of this nitrogen pool for uptake were
allocated to surface sites, the maximum potential number
of surface sites per cell would be n,y, and no nitrogen
would be left for internal enzymes (n, = 0). Alternatively,
the maximum potential number of internal enzymes, 7, ,
could be achieved only if all of this pool of nitrogen was
allocated to such enzymes, leaving none for surface sites 7,
= 0. Then the actual number per cell of surface sites can
(ideally) be expressed in terms of the fraction, f4, of this
pool of internal nitrogen that is allocated to surface sites,
with the remainder, (1 — f), allocated to internal enzymes,
thus: ny = f4n,o and n, = (1 — f)n.. The optimal value of
f4 must therefore be greater than zero and less than one.
Substituting into Eq. 9 and dividing out the m in that
equation yields

1
V(S) = 1 1 (10)
(fans0avmS) " +[(1—=fa)neore]
which can be rearranged by introducing the substitutions
Ay = ny, 0av,,, and Vo = n,_or., to yield the uptake equation
presented by Pahlow (2005):

v(S)

1
C (fadeS) T H (A —L) Vo]

(11)

The affinity (maximum possible clearance rate), 4, and
maximum uptake rate, Vy.x, can be expressed in terms of
the allocation of internal nitrogen as

A=f44o (12)

Vmax:(l_fA)VO (13)

where 4, and V) are, respectively, the potential affinity and
potential maximum uptake rate for substrate S. These
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potential values depend only on the total amount of
nitrogen available to be allocated for uptake machinery of
that nutrient, whereas the values of the actual affinity and
maximum uptake rate (4 and V,,,) also depend on how
that pool of nitrogen is allocated between them.

For any fixed value of f,, Eq. 11 is equivalent to
the Michaelis—-Menten equation, with Vy.x = (1 — f) V)
and K = |(1 — f)lf4Vo/Ap. Finding the optimal alloca-
tion of resources for uptake implies optimizing v(S) in
terms of f, (setting dv(S)/df, = 0 and solving for f), to
yield

1
[AoS
—+1
Vo +

Thus, the optimal uptake model varies the values of 4 and
Vmax to maximize uptake, with the constraint that a fixed
amount of nitrogen (or whatever resource) is available for
this purpose. This is equivalent to a Michaelis—-Menten
equation with varying K and V.. This allocation of
internal nitrogen (breaking down and synthesizing en-
zymes) is assumed to be instantancous, although in reality
it must require some time and energy. Still, phytoplankton
typically require only several hours to minutes to acclimate
their uptake rates and cell quotas to environmental
conditions (Harrison and Morel 1986; Morel 1987).
Therefore, the assumption of instantaneous acclimation is
reasonable for timescales of at least a day, and, indeed,
Pahlow (2005) successfully applied his model to a detailed
data set for a batch incubation with measurements every
12 h.

Substituting Eq. 14 into Eq. 11 yields the single-nutrient
optimal uptake equation of Pahlow (2005):

AoS
(5+1)
Vo

For any value of f,, say f’, there is one substrate
concentration, S’, at which Eq. 14 yields f4(S") = f’ 4. At
this substrate concentration, the optimal uptake model
yields the same uptake rate as the Michaelis—Menten
equation with V.. = (1-f" Vo and K —[(1 — f"y)/
f'4A1VolAy. Thus, one can choose parameters such that the
two models will yield the same uptake rate for any value of
1" 4 (with corresponding value S”). Once the parameters are
fixed, however, at any other concentration, S # S’, the
optimal uptake equation will yield a greater uptake rate
than the Michaelis-Menten equation (with fixed K and
Vmax)- Thus, for any parameter set (4,, V;), the optimal
uptake model will allow a greater uptake rate than the
Michaelis—Menten model with parameter set (K —[(1 —
S DU AVl Ao, Vipax = (1=f"4)Vo) for any substrate
concentration S except S’, at which the two models will
yield the same uptake rate. Furthermore, the difference
between the two models will increase with the difference
between S and S’ (i.e., the greater the variability in nutrient

fa = (14)

(15)
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concentration, the greater the difference between the two
uptake models).

Multielement optimal uptake—Assuming separate sets of
uptake sites and internal enzymes for each nutrient, there
are many possible allocations of internal resources. We
considered two possible strategies by which phytoplankton
might optimize their uptake hardware.

First, the most efficient allocation of internal nitrogen
(or of another resource) would consist of optimizing uptake
for the limiting nutrient, with only the minimum required
allocation for each nonlimiting nutrient. For any nonlimit-
ing nutrient, the minimum required allocation would be
that required to keep its internal concentration (cell quota)
from becoming so low that it became the limiting nutrient.
This would result in phytoplankton maintaining their
optimal ratios of nonlimiting to limiting nutrient (the ratio
that defines the co-limitation point). Although this optimal
ratio may vary with growth rate (Terry et al. 1985), such
variation could not account for the much wider variations
in phytoplankton composition as a function of nutrient
supply ratio (even at constant growth rate). Nonlimiting
nutrients are taken up in excess of cellular requirements,
even at steady state (Droop 1974; Rhee 1974, 1978). This
optimization strategy must therefore be rejected.

Second, we considered a simpler strategy, in which
phytoplankton allocate internal nitrogen between surface
sites and internal enzymes in the same proportion for all
nutrients. This strategy is less efficient, but it allows for
variations in ratios of internal nutrient concentrations.
Uptake of the limiting nutrient is optimized according to
the single-nutrient optimal-uptake model (Eq. 14), and the
same allocation (f,;) determined by the external concentra-
tion of limiting nutrient is assumed to apply for all
nutrients, i

Jai=fa1imVi (16)

This means that for any nutrient the same fraction of
internal resources (i.e., nitrogen) is allocated to surface
uptake sites versus internal enzymes. For simplicity, we
have assumed that the total amount of internal resources
available for uptake of each nutrient (for both surface
uptake sites and internal enzymes) is fixed, although it may
vary with cellular state, as in the photoacclimation model
of Pahlow (2005), which made ¥} a function of cell quota
and chlorophyll content. Therefore, in our model each
nutrient has its own fixed parameters (4, V) in Eq. 11.
In this strategy, phytoplankton adjust their uptake
hardware for all nutrients in response to changes in the
concentration of the limiting nutrient, but not in response
to changes in concentrations of nonlimiting nutrients. Our
motivation for choosing this strategy was that it seems
consistent with evolution in an ocean with variable nutrient
concentrations (in the euphotic zone) but with relatively
constant stoichiometry of nutrient supply (as is the case if
the vast majority of nutrient supply comes from the aphotic
zone of the ocean, which has relatively constant stoichi-
ometry). This would not have required constant nutrient
ratios over evolutionary timescales, but only that nutrient
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ratios varied little over most of the time when significant
concentrations of nutrients were available to support rapid
growth (i.e., soon after upwelling events). In such an ocean,
it would be advantageous to adapt to frequent changes in
concentration of limiting nutrient, but there would be less
benefit in adapting to changes in nutrient ratios. Nutrient
ratios in the euphotic zone do vary, but significant
deviations from Redfield ratios tend to occur after
nutrients have been mostly depleted (and, hence, after
most nutrient uptake and growth has occurred). We call
our model the Simple Phytoplankton Optimal Nutrient
Gathering Equations (SPONGE) model. For validation,
we quantitatively compared the model to data from
chemostat experiments (and to other models).

As in Pahlow (2005), we assume that acclimation
(allocation of internal nitrogen for uptake hardware) is
instantaneous. Our model should therefore only be
applicable at timescales longer than the time required for
acclimation, which is reported to require from hours to
minutes (Harrison and Morel 1986; Morel 1987). The
allocation of internal nitrogen for acclimation also requires
energy and other resources (notably phosphorus for energy
transfer). In applying the model, we assume that energy
and other resources are sufficient to allow rapid acclima-
tion.

Solution

We solved the phytoplankton model at steady state, with
the assumption of a perfect chemostat (m = u = a). The
solution is mainly the same as in that in the model of
Klausmeier et al. (2004), and therefore we only outline it
briefly, emphasizing the differences for the different uptake
models.

The limiting nutrient is the one for which Q/Q, is lower.
Its cell quota is obtained by setting dB/dt = 0, and it
depends only on the flow rate (and parameters p.. and
Qo.zim)- The concentration of limiting nutrient is determined
by setting dQy;,/dt = 0, which yields

Viim (Stim) = Hog (1 & hm) Olim (17)

Qlim
which, from Eq. 1, is equivalent to v;,(Sim) = uQuim.
Furthermore, at steady state, © = a. With Michaelis—
Menten kinetics (Eq. 2 for v;,,), this equation can be solved
analytically (Klausmeier et al. 2004). Equation 17 can be
solved analytically for the inhibition model as well, because
uptake of the limiting nutrient is still described by Eq. 2.
When applying our SPONGE model, uptake of limiting
nutrient is described by Eq. 15, and Eq. 17 can be solved
analytically, thus:

Vi
Stim = VO 3 (18)
0
A —1
O( :quim )
Biomass is obtained by setting dSj,/dt = 0, yielding

a straightforward equation in terms of Q,, and Sj;,,,. The
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concentration of the nonlimiting nutrient is obtained by
setting dS,,,,/dt = 0 to yield

Vnon (Snon) = a(Sin,non - Snon)/B ( 19)

Combined with the expressions for v(S,,,), this yields
a quadratic equation in S,,,,, both for the case of Michaelis—
Menten kinetics (Eq. 2) and for our SPONGE model
(Eq. 11). Once S,,, is known, Q,,,, is readily obtained by
setting dQ,,,,/dt = 0, which yields pnQ,,,,, = v(S,,,). For the
inhibition model, the nonlinear dependence of V. son ON
Q,0on (Eq. 6) results in a cubic equation in Q,,,, and we
therefore solved Eq. 19 numerically.

Simulations of chemostat experiments

We applied the model to chemostat experiments with
Scenedesmus sp. for a range of input ratios at constant flow
rate (Rhee 1978), as in Klausmeier et al. (2004), and at
extreme nutrient input ratios at various flow rates (Rhee
1974). When applying the GR model, Eq. 6 was used to
calculate the values of V.« for Eq. 2. When applying our
SPONGE model, we replaced Eq. 2 with Eq. 15 for the
limiting nutrient and with Eq. 11 for the nonlimiting
nutrient.

As initial guesses, we used the parameter values of
Klausmeier et al. (2004), except for the values of minimum
cell quota, which we fit simultaneously to the data from
both Rhee studies (1974, 1978). For the GR model, we used
the parameter values of Gotham and Rhee (1981a,b) as
initial guesses and then fit the uptake parameters to the
data of Rhee (1974). For the SPONGE model, we chose
initial guesses for the four parameter values (4, and V for
both N and P) based on the Michaelis-Menten uptake
parameters of Klausmeier et al. (2004), by choosing values
of f' 4 (as described above). Then we fit the phytoplankton
model with our SPONGE model for uptake kinetics to the
data of Rhee (1974). For the Droop model, we took the
parameter values of Droop (1974) as initial guesses and
estimated SPONGE parameters based on these. Then we fit
uptake parameters for both the Droop and SPONGE
models to the data of Droop (1974).

To fit the uptake parameters, we used the Monte Carlo
Markov Chain, as applied by Hargreaves and Annan
(2002) and Smith et al. (2007). The sum of squared errors
(cost function) was calculated using the reciprocal of the
standard deviation of each nutrient’s respective measured
cell quota (1/g) as the weight for data of the cell quota of
that nutrient. The standard deviations were calculated from
the data of Rhee (1978), counting data for each nutrient
only when it was the limiting nutrient (when its cell quota
would ideally be constant for the constant flow rate in
those experiments). In the summations for square errors,
only data for nonlimiting nutrients were counted, because
the quota of limiting nutrient does not depend on the
uptake parameters. As in Smith et al. (2007), we performed
paired assimilations, one starting at the initial guess
parameter values and one at twice those values. A
successful fit required that both assimilations converge
(statistically) to the same solution. All three models (MM,
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GR, and SPONGE) were fit only to the data of Rhee (1974)
at extreme N : P ratios. We applied the same methodology
to fit both our model and the Droop model (uptake
parameters and complexation parameters) to the data of
Droop (1974), which included biomass and nutrient
concentrations (for which we chose weights for each data
type based on the precision of the reported values).

Results

Fits of both the GR and SPONGE models to the data at
extreme N :P ratios (Rhee 1974) yielded lower total errors
than the initial guesses for both models (Fig. 2; Tables 1,
2), although the difference between the initial guesses and
best-fits was much greater for the GR model. For the
SPONGE model, we were able to constrain all four
parameters (Ao . Ao p, Vo.n, and Vy p). For the GR model,
it was only possible to constrain the six parameters that
determine the values of Viax v and Viax p (Eq. 6); the half-
saturation constants were left at their initial guess values.
Even with its best-fit solution, the MM model greatly
overestimates the cell quota of the nonlimiting nutrient
under both P-limitation (Fig. 2A) and N-limitation
(Fig. 2B). This is because the MM model contains no
mechanism for distinguishing the behavior of a nutrient
when it is limiting or not, which is the key behavior here
(Rhee 1974). Total square error for this data set was 192 for
the GR model, 1.63 X 105 for the MM model, and 2,140 for
the SPONGE model.

The GR model fit the data under N-limitation much
better, but the SPONGE model fit the data under P-
limitation better (Table 2). With the SPONGE model, the
plots of cell quota of nonlimiting nutrient versus flow rate
were U-shaped (concave up) for all three input N : P ratios
(Fig. 2), but with the GR model, cell quota of nonlimiting
nutrient decreased monotonically with increasing flow rate
(albeit with a very small slope in the N-limited cases). In the
case of P-limitation, the data show such a U shape
(Fig. 2A), although there is some scatter in the data. In
the N-limited cases, the pattern is not clear because of
scatter in the data and because the ranges of flow rates
measured at the two input ratios barely overlap (Fig. 2B).

For these same best-fit parameter sets we also compared
all three models to the data of Rhee (1978) for a range of
less extreme N : P ratios at a constant, moderate flow rate
of 0.59 d-! (Fig. 3). As found for the MM model
(Klausmeier et al. 2004), biomass from both the GR and
SPONGE models agreed well with the data (results not
shown), with slightly higher biomass for the SPONGE
model. In this set of experiments, the phytoplankton were
completely flexible in their composition, with the N : P ratio
of biomass equal to the N : P ratio of input to the chemostat
(Fig. 3A), within experimental error. This is because the
phytoplankton consume essentially all nutrients and
therefore must have the same N:P ratio as the input.
(Because they consume essentially all the nutrients, and
because biomass is determined by uptake of the limiting
nutrient, biomass must be very similar for the two models.)
In the terminology of Klausmeier et al. (2004), they are
“supply limited,” meaning that the rate of supply of
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Fig. 2. Cell quota of nonlimiting nutrient versus flow rate for

the chemostat experiments of Rhee (1974) at extreme N: P input
ratios. (A) Input N:P = 2,000 (P-limitation). (B) Input N:P =1
or 2 (N-limitation). Lines are models with different uptake
kinetics (MM = Michaelis—-Menten; GR = Gotham and Rhee
[1981a,b], and Simple Phytoplankton Optimal Nutrient Gathering
Equations [SPONGE] model), each with best-fit values for uptake
parameters, fit only to the data of Rhee (1974).
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nutrients, rather than the uptake kinetics, limits the uptake
rate.

The MM model allows the fastest uptake rates and hence
comes closest to having the biomass N:P = input N:P.
With these best-fit parameter sets, fit only to the data of
Rhee (1974), the GR model fit the data over a range of
N : P ratios at constant flow rate (Rhee 1978) best (Fig. 3).
Total square error, counting only the data of Rhee (1978),
was 1,320 for the GR model, 1,920 for the MM model, and
1,840 for the SPONGE model (Table 2). The MM model
had the highest square error, even though it allows the
plankton to be essentially completely “supply limited”
(Fig. 3A), whereas both the GR and SPONGE models take
up less nonlimiting nutrient at extreme N:P ratios. Both
the GR and SPONGE models underestimated the P cell
quota at the lowest N:P ratios, the latter more severely.
However, the lower square error for these two models that
are not perfectly “supply limited” and the evident scatter in
the data indicate that these differences may not be
significant.

We also fit both the SPONGE and GR models
simultanecously to the two data sets (Rhee 1974, 1978).
This yielded only slightly better overall fits for each model
(results not shown), with a similar mismatch between the
data and both models for the experiments of Rhee (1978).

As Klausmeier et al. (2004) found for the GR model, our
SPONGE model can casily be tuned to match the data of
Rhee (1978) over a range of less extreme N : P ratios (results
not shown). This requires only that one choose the
parameters such that the potential uptake rate exceeds
the supply rate for both nutrients at the given (fixed) flow
rate, so that the phytoplankton will be “supply limited”
over the range of N:P ratios examined. The data from
Rhee’s 1974 study, at extreme N :P ratios at various flow
rates, constrain the uptake parameters much more tightly
than do the data from the 1978 Rhee study. Despite the
great difference between the MM model and the other two
models for the former data set, the MM model agrees well
with the latter data set, for which the differences between
models are much smaller than for the former.

We also obtained good fits to the data of Droop (1974)
for uptake of vitamin B12 and P as nonlimiting nutrients
(Fig. 4), with both a modified version of the model
developed in that study (hereafter, Droop model; see
Table 3) and our SPONGE model. However, these experi-
ments were complicated by dissolved organic matter
(DOM) production and complexation of nutrients. Ac-
counting for this required two additional parameters for
each nutrient (Droop 1974), and the Droop model further
added one more parameter (Rpyax; Table 3) to describe
uptake of each nonlimiting nutrient /. We modified the
representation of excretion by applying a specific rate of
excretion for each nutrient considered, instead of the
minimum concentration for uptake applied by Droop
(1974). This modification yielded better fits to the data
(without increasing the number of model parameters) for
both the Droop model and our SPONGE model. As in
Droop (1974), we were not able to uniquely constrain

values for all (10) uptake parameters in the Droop model;
we were able to constrain values for nine parameters,
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Values of parameters in the phytoplankton model. Minimum cell quotas were fit to the data of Rhee (1974, 1978). Values

for uptake parameters are best-fits to the data of Rhee (1974), except for the half-saturation constants for the Gotham and Rhee (GR)
model, which are initial guesses because their values could not be constrained. For the best-fit values, standard deviations (SDs) were
calculated over the latter half of the ensembles from the Monte Carlo Markov Chain assimilations, only for parameters that were fit

to data.
Parameter Description Value SD
a Flow (dilution) rate of chemostat Variable
(a1
Uso Growth rate at infinite cell quota 1.35
(d=1)
Omin.p Minimum (min.) cell quota of 1.56
phosphorus (P) (10-9 umol cell-1)
Qmin,v Minimum cell quota of nitrogen (N) 42.0
(10=2 umol cell-1)
m Mortality rate (d—1) a
Uptake parameters for Michaelis—-Menten (MM) model
Vinax.p Maximum (max.) uptake rate of P 11.4 0.0274
(10=9 pmol cell-1 d-1)
Vimax. v Max. uptake rate of N 145 0.0116
(10=9 umol cell=1 d-1)
Kp Half-saturation constant for P 3.94x10-3 2.89%x10-3
(umol L—1)
Ky Half-saturation constant for N 0.368 0.0430
(umol L—1)
Uptake parameters for GR model (Gotham and Rhee 1981a,b)
Vinn,p Max. uptake rate for P 1,970 600
(10=9 pmol cell=1 d—1)
Vienn Max. uptake rate for N 33,200 7,870
(10=% umol cell-1 d—1)
Kiun,p Half-saturation constant for P 24.3 8.76
inhibition (10— umol cell—1)
Kin v Half-saturation constant for N 1.13 2.02
inhibition (10— umol cell~1)
Cinnp Feedback parameter (param.) for P 4,840 676
inhibition (10~9 umol cell=1 d—1)
Ciun N Feedback param. for N inhibition 49.2 18.2
(10=9 umol cell-1 d—!
Kp Half-saturation constant for P 0.2
(umol L—1)
Ky Half-saturation constant for N 5.6
(pmol L—1)

Uptake parameters for the Simple Phytoplankton Optimal Nutrient Gathering Equations (SPONGE) model

Vo.p Max. potential uptake rate of P
(10=2 pumol cell=1 d—1)

Von Max. potential uptake rate of N
(10=9 pumol cell=1 d—1)

Ao p Max. potential affinity for P
(10=2 L cell=1 d—1)

Ao N Max. potential affinity for N

(1079 L cell -1 d-1)

1.70 0.148
43.1 6.74

9.92x105 19.6X10°
56.1 4.56x108

leaving R, p fixed at its value from Droop (1974). For the
SPONGE model, we were able to constrain all (eight)
uptake parameters.

With the best fits, total square error (a weighted sum
counting biomass, nutrient concentrations, and cell quota
of nonlimiting nutrient) for the Droop model was
approximately 1.5 times that for the SPONGE model
(Table 4). Counting only the cell quotas of nonlimiting
nutrient, the square error for the Droop model was
approximately four times that for the SPONGE model.

The SPONGE model also agreed better with the data for
biomass (Table 4). For experiments I and IV (vitamin
B12-limited), the Droop model, which uses Michaelis—
Menten kinetics for uptake of limiting nutrient, tended to
slightly overestimate biomass at low flow rates and to
underestimate it at high flow rates (Fig. 5). The SPONGE
model also agreed better with the concentrations of
nutrients (Fig. 5), although the differences between models
were less consistent than for the other data. Because of the
complications from DOM production and complexation,
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Square errors, counting only data for cell quota of nonlimiting nutrient for each model with respect to the data of Rhee

(1974, 1978). Each model was fit only to the data of Rhee (1974). Data for the cell quota of each nutrient were weighted by the reciprocal
of their respective standard deviation, G, calculated from the data of Rhee (1978) only when the respective nutrient was limiting, to yield

gop = 0.11 X 1072 and ooy = 10.9 X 10=° umol cell-1.*

GR model MM model SPONGE model

Data set 1G Best 1G Best 1G Best
Rhee (1974) (extreme N : P ratios)

P-limited 277 64.9 2.48X104 1,660 97.9 59.2

N-limited 1,809% 127 1.87Xx105 1.61x105 2,213 2,083

Both 2,090 192 2.12X105 1.63X105 2,310 2,140
Rhee (1978) (variable N: P ratios)

P-limited 53.6 13.0 10.2 10.2 10.8 19.4

N-limited 1,330 1,302 1,660 1,907 2,725 1,821

Both 1,380 1,320 1,670 1,920 2,740 1,840
Both data sets

P-limited 331 77.9 2.48X104 1,670 109 78.6

N-limited 3,139 1,429 1.89%x105 1.63X105 4,938 3,904

Both 4,470 1,510 2.14X105 1.65X105 5,050 3,980

* GR, Gotham and Rhee [model]; MM, Michaelis—-Menten [model]; SPONGE, Simple Phytoplankton Optimal Nutrient Gathering Equations [model]; IG,

initial guess; Best, best-fit; N, nitrogen; P, phosphorus.

T Excluding the data point at flow rate = 0.97 d—!, for which the initial guess values of uptake parameters did not allow a solution, because uptake of

limiting nutrient was insufficient.

this data set provides a less rigorous test of the uptake
models than do those of Rhee (1974, 1978). Still, the
SPONGE model performed better than the model of
Droop (1974), even though the latter includes one more
parameter for each nonlimiting nutrient.

Discussion

Our new model for uptake kinetics of multiple nutrients
is based on the premise that phytoplankton optimize their
allocation of fixed internal resources for uptake hardware
to adapt to changes in ambient concentration of limiting
nutrient, without regard to changes in ratios of nutrient
concentrations. This differs significantly from the assump-
tion that uptake rate of a given nutrient is controlled by
feedback from its own internal nutrient concentration (cell
quota). Such feedback processes may indeed be one means
by which phytoplankton control the allocation of their
internal resources, but the difference in modeling approach
is important, yielding a much simpler model in our case.

We have not yet addressed the complication of nutrients
taken up in more than one chemical form (e.g., nitrate and
ammonium). Armstrong (1999) developed an optimization-
based model specifically for the iron-light-ammonium co-
limitation of nitrate uptake, based on optimal allocation of
cellular resources and Michaelis-Menten kinetics. This
indicates a way to extend the SPONGE model for nitrate
and ammonium. Optimization-based approaches have also
yielded simpler models of photoacclimation (Pahlow 2005;
Armstrong 2006) that capture its complex dynamics at least
as well as earlier, more complex models. Optimization-
based modeling can yield simpler models that are applica-
ble over a wider range of conditions, but validation is still
critical, because (as in this study) organisms are generally

found to be less than perfectly adapted (Rose and Lauder
1996).

As expected, the GR model, with four more parameters
(two more for each nutrient), fits the data better than our
SPONGE model. Together with its simplicity, the good
agreement of our model with the data under N-, P-, and
vitamin B12-limitation indicates that it may be mechanis-
tically correct. Our model is consistent with the idea that
evolution in the ocean should favor the ability to acclimate
to variations in nutrient concentrations in times of
relatively rapid growth (i.e., after upwelling events) and
the idea that there should be less evolutionary advantage in
the ability to acclimate to variations in nutrient ratios,
which occur mainly when nutrient concentrations, and
hence growth rates, are low. However, we have no proof
that this is the case. Likewise, Gotham and Rhee (1981a)
stated that “... the empirical form ...[of their inhibition
model] ... is not sufficient evidence to invoke a specific
physiological mechanism....”

Our model does not agree perfectly with both the data at
extreme N:P ratios (Rhee 1974) and that at less extreme
ratios (Rhee 1978). The significant scatter in the data,
especially in the latter data set, indicates that this difference
is not so important, however. It is also possible that this
disagreement results from differences in experimental
conditions or some genetic difference in the strain of
Scenedesmus sp. used in the two sets of experiments. Droop
(1974) observed distinctly different growth patterns for
Monochrysis sp. in chemostats at low (<0.45 d—1) versus
higher flow rates. He was not able to determine whether
this difference was an induced adaptation or the result of
a genetic inhomogeneity in the clone of phytoplankton
cultured. It is impossible to conclude anything based on
this small disagreement between our model and the data of
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Rhee (1978) for this one species. Our model needs to be
further validated with more data for multiple species.

Plasticity of phytoplankton composition—Because at
steady state in a chemostat the uptake rate of any nutrient
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Fig. 4. Data for cell quotas of nonlimiting nutrients in the

experiments of Droop (1974), under both vitamin B12- and P-
limitation, with different degrees of excess for each nutrient. Lines
are models with different uptake kinetics (Droop = Droop [1974],
as modified here, and Simple Phytoplankton Optimal Nutrient
Gathering Equations [SPONGE]), each with best-fit values for
uptake and nutrient complexation parameters (Table 3).

must equal its cell quota times the growth rate (=dilution
rate), v = uQ, the ratio of uptake rates of any two nutrients
must equal the ratio of their cell quotas: vi/vo = 01/0,. At
low flow rates, the measured N:P of biomass (ratio of
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Parameters in the phytoplankton model of Droop (1974) and our Simple Phytoplankton Optimal Nutrient Gathering

Equations (SPONGE) model (both with our modified treatment of excretion). Uptake parameters for each were fit to the same data for
Monoschrysis lutheri (Droop 1974). In the Droop model, Michaelis-Menten kinetics are applied for the limiting nutrient, and the uptake
rate of nonlimiting nutrient is a multiple, R,, of that for the limiting nutrient.

Parameter Description Value
oo Growth rate at infinite cell quota (d—1) 1.18
I Growth rate (d—1)
Omin. P Minimum (min.) cell quota of phosphorus (P) (10—9 umol cell-1) 0.37
Onmin, 3 Min. cell quota of vitamin B12 (10—15 umol cell—1) 2.45
Biomass (cells L—1)
S; Free dissolved concentration of nutrient 7
Pi Ratio of complexed to free dissolved concentration of i, f; = (f u~! t/x;)
T; Total dissolved concentration of nutrient i, 7; = S(1 + f,)
Uptake parameters for Droop model
Vinax P Maximum (max.) uptake rate of P (102 umol cell=! d—1) 1,760
Vinax B Max. uptake rate of vitamin B12 (1015 ymol cell=! d—1) 280
Kp Half-saturation constant for P (umol L—1) 0.184
Ky Half-saturation constant for vitamin B12 (umol L—1) 2.30%X10-5
TplKp Complexation factor for P (L cell=! d—1) 9.73x10-7
Tp/Kp Complexation factor for vitamin B12 (L cell-! d—1) 1.68X10-10
\73 Uptake rate of limiting nutrient L = Viax 1S/(Kp + S1)
rp Specific rate of excretion of P (d—1) 0.0931
I'p Specific rate of excretion of vitamin B12 (d—1) 0.910
R, Luxury uptake ratio, R, ! = (1 R, J,) (Sin.2./Sinn)(Ormin ./ Ormin.L) + Rigax
Rinax.p Max. ratio for luxury uptake of P 10.4
Riax B Max. ratio for luxury uptake of vitamin B12 o
Uptake parameters for SPONGE model
Vo.p Max. potential uptake rate of P (10=° umol cell=1 d—1) 7,916
Vo.B Max. potential uptake rate of vitamin B12 (10-15 ymol cell-! d—1) 1.23x100
Ao.p Max. potential affinity for P (10-° L cell-1 d—1) 16.1
Ao Max. potential affinity for vitamin B12 (10—15 L cell-! d—! 4.54%105
TplKp Complexation factor for P (L cell=1 d—1) 1.06X10-10
p/Kp Complexation factor for vitamin B12 (L cell=! d—1) 3.88%10-5
rp Specific rate of excretion of P (d—1) 1.92
s Specific rate of excretion of vitamin B12 (d—1) 0.190

measured N and P cell quotas) is closest to that of the input
(Fig. 6), as expected when phytoplankton consume nearly
all available nutrients (Klausmeier et al. 2004). It never
equals the input ratio, however. This may be because the
lowest flow rate measured is not low enough for the
phytoplankton to be completely “supply limited” at these
extreme nutrient ratios. Alternatively, there may be a limit
to the plasticity of phytoplankton composition. In a study
of field observations and mesocosm and laboratory
experiments, Hall et al. (2005) found that the N:P ratio
of phytoplankton biomass generally did not closely track
the N : P ratio of nutrient supply. They showed that besides
the effect of growth rate, limits on the ability of
phytoplankton to store nutrients (imposing maximum cell
quotas in models) could also account for that finding.

In both the MM and SPONGE models, the N:P of
biomass approaches the input N:P ratio as flow rate
approaches zero (Fig. 6), which is theoretically appealing.
In the inhibition model, however, it does not, because of
the strong negative feedback between cell quota and uptake
rate of nonlimiting nutrient. In the SPONGE model, the
N : P of biomass is independent of the input ratio in the N-

limited experiments for all but very low flow rates, where it
diverges to match the distinct input ratios.

As is the case for the MM model (Klausmeier et al.
2004), for our SPONGE model the uptake of nonlimiting
nutrient becomes independent of the input ratio when its
uptake is saturated. In our model, this happens at a lower
flow rate (and, therefore, at a lower concentration of
nonlimiting nutrient). This is because the optimization
(Eq. 14) varies the uptake parameters according to the
concentration of limiting nutrient, Sj,, which also
increases with flow rate (shown for the case of N-
limitation in Fig. 7A). The affinities for uptake of both
limiting and nonlimiting nutrient are proportional to f,
(Eq. 12). They both decrease with flow rate, because of
the inverse relationship between concentration of limiting
nutrient and f4 (Eq. 14; Fig. 7B). The maximum uptake
rates of both limiting and nonlimiting nutrients are
proportional to 1 — f,; (Eq. 13) and therefore increase
with flow rate (Fig. 7C). Because uptake is optimized for
the limiting nutrient, its uptake rate increases more
steeply with flow rate. Over the whole range of flow
rates, the uptake of nonlimiting nutrient (in this case P) is
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Square errors for fits of the Droop model and the Simple Phytoplankton Optimal Nutrient Gathering Equations

(SPONGE) model (both with our modified treatment of excretion) to the data of Droop (1974). For fitting, errors were calculated
including data for biomass, nutrient concentrations, and cell quotas of nonlimiting nutrient from all four experiments. To calculate
square errors, each data type was weighted by the reciprocal of its respective standard deviation, ¢—!, which we estimated as 1.0 X
108 cells L—! for biomass, 7.4 X 10-10 ymol cell-! for phosphorus (P) quota, 4.9 X 10~15 umol cell-! for vitamin B12 quota, 2.0 X
10-7 mol L-! for total dissolved P concentration, and 1.0 X 10—12 mol L—! for total dissolved vitamin B12 concentration.*

Droop model

SPONGE model

Data set 1G Best IG Best
Error counting only cell quota of nonlimiting nutrient

P-limited (experiments I and III) 2.72 2.72 214 3.39

Vitamin B12-limited (experiments II and IV) 44.8 349 74.8 5.71

All four experiments 47.5 37.6 289 9.10
Error counting only biomass

P-limited (experiments I and III) 124 56.4 125 54.9

Vitamin B12-limited (experiments II and IV) 146 474 69 31.0

All four experiments 270 104 194 86.0
Error counting only concentration of phosphate

P-limited (experiments I and III) 8.04 3.94 3.26 5.64

Vitamin B12-limited (experiments II and IV) 756 83.1 1,067 60.0

All four experiments 765 87.0 1,070 65.7
Error counting only concentration of vitamin B12

P-limited (experiments I and III) 507 18.6 6,627 17.7

Vitamin B12-limited (experiments II and IV) 49.8 4.57 3.82 0.927

All four experiments 557 23.1 6,631 18.7
Error counting all data types

P-limited (experiments I and IIT) 642 81.6 6,970 81.7

Vitamin B12-limited (experiments II and IV) 997 170 1,215 97.7

All four experiments 1,640 252 8,185 179

* 1G, initial guess; Best, best-fit.

nearly saturated, whereas that of the limiting nutrient is
less saturated (compare Fig. 7C,D). For the limiting
nutrient, both the maximum uptake rate and the degree
of saturation of the uptake expression (Eq. 11) increase
with flow rate. Therefore, the ratio of uptake rates, v,/
Vaons InCreases with flow rate (Fig. 7E), and this increase
occurs at lower flow rates than for the MM model
(Fig. 6B).

Critical flow rate—The models also differ in their critical
flow rate, a., the maximum possible flow rate that can be
sustained in a chemostat. Legovic and Cruzado (1997)
showed that for their model with Michaelis—Menten uptake
kinetics, a. depends on the maximum uptake rate of
limiting nutrient, Viaxum, and its inflow concentration,

Sin, lim-

4= {Qo, tim (K, tim / Sin, tim + 1) +L] ! (20)
Vmax,lim Ko
which, together with Eq. 2 at S}, /., yields
Q0. lim 1 } !
ar=|—"c—+— 21
‘ |:Vlim(Sin,lim) Moo ( )
Thus, the critical flow rate increases with S, ;. This

equation requires that, for the uptake parameters specified,
Siniim 18 sufficient to sustain growth rate u < a..

Pahlow’s optimization for uptake of the limiting nutrient
(Eq. 15) yields a greater uptake rate, vj;,, than does
a Michaelis—Menten equation with corresponding param-
eters at any concentration except one (the “matching
concentration’). Thus, the same S, i, Will sustain higher
growth rates with the SPONGE model, unless the uptake
parameters are such that the two models match at that
concentration. Therefore . is, in general, greater with
optimal uptake kinetics than with Michaelis—Menten
kinetics, if parameters for the SPONGE model are chosen
to “match” the parameters of the MM model. However,
when parameters for the SPONGE model are chosen
independently (as in our fits), the critical flow rate can be
lower. With the best-fit parameter values for our SPONGE
model, the critical flow rates were lower (0.92 d—! and
1.01 d-! for the cases with S;, /Si;p = 1 and 2,
respectively) than with the initial guesses.

Possible experimental validation—Directly validating the
optimization mechanism in our model would require
identifying and quantifying uptake sites on the cell surface
and internal enzymes. Besides this, our model can also be
tested using chemostat experiments. Experiments at very
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Fig. 5.

Data (diamonds) for biomass and total dissolved concentrations of P and vitamin B12 (7p and T'z,,, respectively) from the

experiments of Droop (1974). Plots are organized by data type (rows) and by experiment (columns). Lines are the same models as in Fig.
4: (thin dotted lines) Droop = Droop (1974), as modified here, and (thick solid lines) Simple Phytoplankton Optimal Nutrient Gathering
Equations (SPONGE), each with best-fit values for uptake and nutrient complexation parameters (Table 3).

low flow rates and different input ratios of nutrients could
reveal whether phytoplankton composition does in fact
approach the input ratio, as predicted by our model but
not by the GR model. Experiments at very high flow rates
could test the dependence of critical flow rate on uptake
parameters, although the differences may be small and the
experiments difficult. Care must be taken to minimize
complications from DOM and nutrient complexation and
to plan experiments so that the data can provide
constraints on rate expressions for nutrient uptake. The
latter implies that researchers make certain that the
uptake of nutrients is limited by the kinetics, as in the
experiments of Rhee (1974) and Droop (1974), rather
than by the rate of nutrient supply, as in the experiments
of Rhee (1978).

Measurements of biomass may provide the easiest test.
With our best-fit parameter values for the experiments of
Rhee (1974), the difference between our model and the GR
model increased with flow rate. For the experiment with
input N:P ratio = 1, at ¢ = 0.90 d~!, biomass in our
SPONGE model versus the GR model was 1.1 X 107 versus
6.1 X 107 cells L1, respectively. Measurements of biomass
would therefore be useful for testing these models, but
unfortunately there were no biomass measurements for
these experiments. For the experiments of Droop (1974),
the differences in biomass between the Droop and
SPONGE models were less dramatic (Fig. 5), but the
SPONGE model did agree better with the data for both
biomass and cell quotas (Table 4), especially for the
experiments in which vitamin B12 was limiting.
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Although we do not have direct proof for the assumed
optimization of uptake hardware, based on our results we
propose the hypothesis that phytoplankton do optimize
their uptake hardware for changes in concentration of
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limiting nutrient, but not for changes in ratios of nutrient
concentrations. Differences between our model’s predic-
tions and those of other models indicate several means of
testing this hypothesis with experiments.

Quantitative comparisons show that our SPONGE
model agrees well with data from both N- and P-limited
chemostat experiments at extreme nutrient ratios and at
ratios more typical of natural environments. Our model
also agrees well with the data of Droop (1974) for
a different species under various degrees of both vitamin
B12- and P-limitation. Although it agrees with data for
these nutrients, there is reason to believe that uptake of
trace metals and other micronutrients may differ, based on
genetic differences among species and on the relative
abundances of nutrients in phytoplankton versus seawater
(Quigg et al. 2003). For multinutrient applications, at least
with macronutrients and possibly with others, we propose
this model as a more versatile alternative to Michaelis—
Menten uptake kinetics.
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